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Kahler geometry lies somewhere between Hermitian geometry and its
underlying Riemannian geometry. In section I. we attempt to clarify
their relations in certain aspects. In section II, we present a proof
of the Calabi's conjecture due to Yau. He managed to proof the conjecture
by using the continuity method. The same technique applies to the
construction of complete Kahler-Einstein metrics on Kahler manifolds.
We elaborate these facts in section III. All the explanations here may
help one to understand the orginal works in [3] and [7] which always
contain not all the details.
2I) Hermitian and Kahler Geometry
§1. Basic Concepts on a Complex Manifold
Let M be a complex manifold of dimension m. We begin by charifying
the basis relation between real and complex vectors on M. As usual, we
denote the real and complex tangent bundles by TM and tTM, and their
fibres at p M by TPM and TTpM respectively. The almost complex
structure induced on T p M and extended by complex linearity to TTpM
will be denoted by J. We have J2= -I and T P 1.0M and T p 0.1M will
denote the -1 and -1 eigenspaces of J.
Let be local holomorphic
coordinates on M. A real vector X can be represented by
(1.1)





This allows one to do geometry purely in the holomorphic tangent space.
(c.f. [4]). However, this has to be exercised with care, since X and
X' are equal as derivations only on holomorphic functions. We illustrate
this point by the following two situations, which are also important in
our later study.
First, in case h is a holomorphic function on M with dh 0
where h= 0, the set S defined by h= 0 is a complex hypersurface.
A real vector X tangent to S is then identified with the hylomorphic
vector where Note that, by (1.2)1, JX
is also tangent to S. At any point p e S, T S has (real) dimension
P
2m- 2.
On the other hand, consider a real-valued function r on M with
where The set N defined by r= 0 is a real hypersurface.
A real vector X tangent to N has to be a vector given by (1.1) which
satisfies
(1.3)
If JX is also tangent to N, then by (1.2)',
(1.3)'
At any point p e M, is often referred to as the
maximally complex tangent space to N at p. The above discussion, in
particular (1.3)', shows that H (N) has (real) dimension 2m- 2.
P
However, T N has (real) dimension 2m- 1. The missing dimension
P
cannot be identified with a hylomorphic direction.
In terms of differential forms, the complex structure of M defines
(1) a bigrading, and (2) the 3-operator on the space of all differential
forms on M: Let A'M) be the bundle of (p, q) forms over M. For
each p= 1,..., m, we have the 9-complex
In the next section, we shall put on an additional metric structure on M,
to study its geometry and analysis.
Metric Structure on a Complex Manifold
A Riemannian metric g on TM is called Hermitian if for any
(2.1)
we extend g to CTM by complex linearity. Then, g(z, W) defines
an Hermitian metric on each On the other hand, for any
(2.2) g(z, w)= o.




It is customary to write
(2.5)
There is a canonical connection on M compatible with the complex
and metric structures. In introducing this connection, it is convenient
to work first on the holomorphic tangent space. Thus we consider a
connection
(2.6)
satisfying the following two conditions
(2.7)




Such a connection exists and is unique. In terms of the local coframe
it is given by connection form of type (1, 0) which
satisfies
(2.9)
By type consideration, (2.9) implies that
(2.10)
where is the inverse matrix of The Christoffel symbols
are defined by
(2.11)
Covariant differentiation with respect to the canonical connection is
given in terms of the local frame as follows:
(2.12)
(2.13)
Then we extend both the connection and the covariant differentiation to
(2.14)
and to (ETM by complex linearity. Finally, we return to working on the
real tangent space. For real vector field X=z+z, Y=w+w,
(2.15)
As usual, D induces a covariant differentiation on forms and tensor
fields. Thus, the metric condition is simply
(2.16)
Also, by (2.6) and (2.14),
(2.17)
With respect to the local coframe (dz), the first structural
equation of D becomes
(2.18)






the real version of (2.18) is
(2.23)
The second structural equation of D is
(2.24)
By (2.10), the curvature form o. is given by
(2.25) where
(2.26)
We remark that the structural equation holds on the bundle of coframe
on M, and we are taking a local section (dzJ) to pull back the
equation down on M.
The curvature tensor of D is given as usual by
(2.27)
for all X, Y, Z e r(CTM).






The only non-varishing components of the are
(2.31)
Also, we let the curvature tensor be
(2.32)
One checks that the non-vanishing components of are
(2.33)
In terms of local coordinates,
(2.34)
There are different contractions of the curvature tensor leading to
different possible Ricci tensors of the Hermitian connection. For
example, the tensor fields are all
different on We shall, however, consider in
particular
(2.35)




It is a well-known result that represents the first Chern
CI ass of M. We remark that this contraction corresponds to obtain
the Ricci tensor R(X, Y) by taking the trace of the map
(2.38)
The scarlar curvature of M is referred as
The fundamental form associated to a Hermitian metric g on CTM
is defined by
(2.39)
In local coordinates, we have
(2.40)
Note that co is a real (1, l)-form on M. We call g a Kahler metric
if dco= 0. If M admits a Kahler metric, then M is called a Kahler
manifold. A necessary and sufficient condition for doo= 0 is
(2.41)
which implies the metric connection is torsion-free and hence Riemannian
by (2.9) and (2.23). Furthermore, by (2.34),
(2.42)
It follows that the Ricci tensors obtained by different contractions
coincide on a Kahler manifold.
Finally, for a Kahler manifold M, let a be a (real) two dimensional
subspace of T M and X, Y be two orthonormal vectors in a. The section
curvature is defined by
(2.43)
If a is J-invariant, we define the holomorphic sectional curvature
H(a) by
(2.44)
If a1 is another J-invariant plane in T M and Y is a unit vector
in a', we define the holomorphic bisectional curvature H(a, a') by
(2.45)
Frankel conjectured that every compact Kahler manifold of positive
bisectional acurvature is biholomorphic to the complex projective space
and this conjecture was later proved by Siu and Yau. (c.f. [6])
§3. Differential Operators on Hermitian manifold
Let M be a (complex) m-dimensional complex manifold with a Hermitian
metric g. The metric g has a natural extension to AM. We define
the complex linear -operator
by requiring where V denotes the volumn element
of M. It is easy to check that
We assume in the sequel that f, ij; eA M have compact supports in
M. We put
By an adjoint operator T of an operator T on A M we mean that
By Stoke1s theorem, we have
(3.1)
We wrote
for the Laplacian Operators for d, a and a respectively. We shall
show in Theorem (3.4) that A.= 2a= 2a— on Kahler manifolds.
To see this, we suppose first that g is locally expressed as
(3.2)
Thus, the fundamental form u is given by
(3.3)
We define the operators e (j)) and L on A M by
and denote the adjoint operator of eU) by i ((f)). We have
(3.4)
As a special case, we consider the space (£n equipped with the Kahler
metric
where is a differential form on By an integration











Multiply to (3.8) on the left and multiply
to (3.9) on the right, and we find that
(3.10)
By type consideration, we finish the proof.
We need the following characterization of the Kahler condition.
Proposition 3.2
Let M be a complex manifold with a Hermitian metric g. Then g
is a Kahler metric if and only if for each point p e M, there exists
a coordinate system (z1) need p so that z](p)= 0 and
ij
Proof:
Let g be a Kahler metric. For any point p M, choose a
coordinate system near p such that and
with We put
where and are constants to be chosen later so that
(3.11)
(3.12)




Then condition (3.12) is equivalent to
(3.15)
By (3.13), we have
(3.16)
But it follows from (3.14) that (3.16) is equivalent the Kahler condition.
Moreover, (3.15) and (3.13) determine the constants a... and b..,. We
1 J K 1 J K
then choose another coordinate system (w1) near p so that
dw](p)= w1(p), i= 1,..., m. Clearly, {w1} is the required
coordinate system.
Theorem 3.3
In a Kahler manifold, we have
Proof:
This follows from Lemma 3.1 and Lemma 3.2 since all operators involved
are of first order only.
There are many subsequence identities followed from Theorem 3.3. For
details, see [9]. In fact in his book, he derived the same results by
virtue of the representation theory which is entirely different from the
above approach.
Theorem 3.4
In a Kahler manifold, we have
We omit the proof of Theorem 3.4 since it follows from a direct calcu¬
lation.
We say that j e AM is d-harmonic if= 0. We assume similar
definitions of harmonic forms of the operators 3 and a. Theorem 3.4
reveals that all these harmonic form are essentially the same on a
Kahler manifold. This fact leads to certain topological restrictions on
compact Kahler manifolds. For details, see [8].
Moreover, we remark that the Hodge decomposition theorem holds on
compact Kahler manifolds, and we need this decomposition theorem to prove
the follow proposition which will be useful for us.
Proposition 3.5
Let M be a compact Kahler manifold with fundamental form w. If
oj1 is another real and closed (1, l)-form cohomologous to co, then
there exists a (global) real function f on M such that
Proof:
It requires to show that if d is a real (1, l)-form on M, then06
there exists a real global function on M satisfies d= i3 3f.
Since a is real, we may write a= 3+ 3, where 3 is of type
(0, 1). By Hodge decomposition theorem, we have
(3.17)
where H is the projection on harmonic space and G is the Green's
operator. Since da is of type (1, 1), we find
(3.18)
This implies 3G3 is 8-harmonic and hence that Thus
(3.19)
where is a function on M. Hence,
(3.20)
where is a real function on M.
Finally, the Laphacian-Beltrami operator A on a compact Kahler
manifold is referred to
(3.21)
which we shall use to check the extreme values of a function f on M.
II) On the proof of Calabi's Conjecture
§1. An Introduction to Calabi's Conjecture
Let M be a compact Kahler manifold with Kahler metric
The Ricci tensor has components
(1.1)
It is well-known that the closed real (1, l)-form
represents the first Chern Class of M. Therefore, a necessary condition
for a closed real (1, l)-form to be the Ricci forms of
some Kahler metric is that it represents the first Chern Class of M.
In 1954, E. Calabi conjectured that this is in fact a sufficient condition.
Namely, if as described above, represents the first
Chern Class of M, then we can find some Kahler metric
so that
(1.2)
We can reduce the conjecture to a complex Monge-Ampere equation as follows
By proposition (1.3.2), there exists a real function F globally defined
on M satisfying
(1.3)
We look for a new Kahler metric g on M such that
(1.4)
As F is defined up a constant, we choose F so that
(1.5)
Since M is compact and is a global function on M,
the Maximum Principle implies that and differ
by a constant C. We assume further that w is cohomologous to w.
Then,
(1.6)
for some real function f on M. Since
(1.7)
an integration on M for both sides gives C= 0. Thus, we end up with
solving for f on M such that
(i) The matrix is positive definite.
(ii) satisfies
(in)
Note that the harmonic functions on M are constant functions only.
Condition (iii) means that f is chosen to be orthogonal to all harmonic
functions on M. The imposition of this condition ensures the uniqueness
of 4.
The purpose of this chapter is to furnish some details for the proof
of the Calabi conjecture by S.T. Yau in 1976. We finish this section
proving the uniqueness of j and show the existence of j in the following
sections. The case that m= 1 is trivial and hence we consider m 1.
Suppose be two solution of (i), (ii) and (iii). Let
















Consequently, the solution of (i), (ii) and (iii) is unique.
Proof:
Since M is compact, there exists a constant C 0 such that





Thus and hence is a constant. Moreover, by (iii).
2. Scheme of the proof
We present in this section details of the continuity method which
have been omitted in Yau's paper for the experts. To begin with, we
recall that C 5 (M) is a Banach space consisting of the functions
f e Ck(M) whose m-derivatives and Holder continuous with exponent a.
Furthermore, for 0 x a 1, the imbedding
(2.1)
is compact. The following result on elliptic operator is well-known.
Proposition 2.1 (Schauder estimate)(c.f. [1])
Let L be an elliptic differential operator of order 2 with
coefficients in Ck2'a(M). There exists a constant C, depending
on M, k and the C 'a(M)-norms of coefficients of L such that, for
all J e Ck'a(M),
Let if it exists, be a solution of
For fixed k 3 and a e (0, 1), we consider the set
has a solution
with satisfies (i) and (iii) }
Clearly, if S= [0, 1], then is the required solution for (i), (ii)
and (iii). This fact can be proved by a standard connectedness argument.
S is non-empty since 0 e S if we put j= 0.
Openness of S





Note that E and B are closed subspaces of
respectively and B is an open set in E. Define the map
(2.5)
The fact that is whomologous to w ensures
As and G is different!able, we obtain
(2.6)





and consider the following diagram:





If E satisfies then j is constant and hence
since Thus is infective.
For any since h is orthogonal to the harmonic space,
there exist a function on M such that by Hodge
decomposition theorem. The Schauder estimate implies
It is clear that lies in E and Thi s
shown is surjective.
By inverse function theorem, there exist such that
satisfies for t sufficiently near Hence S is open in
[0, 1].
Closedness of S
We first introduce the following convention for facilitate future
discussion. Let p be a solution of (i), (ii) and (iii). We denote g'
the new metric given in (i). By an k-th order estimate of p we refer
to a constant C, depending on M, g and F, such that
In the following section, we denote to obtain certain estimates for
Namely,
(2.9) There is a 0-th order estimate of (See §3.)
(2.10) There is a 2nd-order estimate of (See §4.)
(2.11) There is a 3rd-order estimate of (See §5.)




By Schauder estimates, we have an -bound for Similar
estimate holds for Inductively, we derive an bound
for
Replace F by we find that
condition (ii) is changed into By the above agrument, we have a
bound for But is uniformly bounded by F in
we conclude that the bound for does not depend
on Hence, we have obtain a uniform bound of for
all
Now, let be a sequence in S converges to t in [0, 1].
As is uniformly bound in it has a convergent
subsequence in where The limit function
is clearly a solution of and satisfies The
fact that follows from the above estimates. Finally,
since each defines a metric and converges to a non-degenerate
element by defines a metric on M. This
show that
It remains to obtain the necessary estimates of j as claimed before.
§3. Oth-order estimate of j
S.T. Yau obtain the 0th- and 2nd-order estimates of j at the same
time. But now, we shall present a simplified proof due to J.P. Bourguignon.
To avoid complexity, all constants mentioned in the sequel are depend
on M, g and F only.
Lemma 3.4
There exist two constants and such that for all
where r is a non-negative integer, we have
We remark that differs from by a fixed constant and
is the -norm of
By taking Pr~the root on both sides and setting
and hence we have
(3.1)
This gives a estimate of We shall prove lemma 3.4 by induction
on r. The following lemma takes care of the case r= 0.
Lemma 3.1





(a) Take special coordinates at p e M such thath
As is positive definite, we have
(3.12) trace
which imp! ies Aj- m.
(b) Recall that for a smooth function f on M, the Green's Kernel
g(x, y) satisfies
(3.3)
and has the following properties:
(3.4) is defined up to a constant.
(3.5)
where r(x, y) is the geodesic distance between x and y while a(S)
is the area of the unit sphere in IRm. (c.f. de Rham [1]). In
particular, g is smooth on M x M except at points on the diagonal.
Put f= Af, we have
(3.6)
Since g(x, y) 00 near the diagonal of M x M and is smooth outside
a neighborhood of the diagonal, we can choose some constant K such that
g(x, y)+ K 0 on MxM. Hence
(3.7)






if is a constant greater than
Proof:
Let It is straight forward to check that
(3.9)





is non-negative. Assince w and w are positive while
(3.12)
the result follows.
we neea some imdeaaing tneorem of Soboley space to proye the following
lemma.
Lemma 3.3











By a standard imebedding theorem (c.f. Adam [1]),
(3.17)
there is a constant such that
(3.18)
Si nee take
To finish the proof of lemma 3.4, we assume it holds for




This proves lemma 3.4.
§4. 2nd-order estimate of
It is equivalent to find a 2nd-order estimate of Aj. As we have
shown that in lemma 3.1(a) that Af m, it remains to obtain an
upper bound for Af. We write A1 for the Laplacian-Beltrami operator
on M with respect to the Kahler metric g1.
Lemma 4.1
for some constant C such that
Assuming this lemma, then at p e M where attains
its maximum, we have
(4.1)
for some constant and But then, either
(4.2)
(4.3)





which gives the 2nd-order estimate of f by §3.
Moreover, in special coordinates at p such that
and we see that we have an upper estimate
for since we have estimated
and each By (ii), we obtain a lower bound for
also. In particular, g and g' are in fact uniformly
equivalent.
The proof of lemma 4.1 is elaborate. For simplicity, we do not
insist in details for some direct computations. We shall use the symbol
say, to denote successive covariant differentiation of$. To
begin with, we check that, in a coordinate system at p e M such that
and
(4.6)
As each term on the right-hand side is independent of coordinate system
if we contract the terms suitably with Choose another coordinate




On the other hand, if C is a positive constant,
(4.9)
In special coordinates and we
see that the first three terms in the bracket on right hand side is greater
than This gives
(4.10)








as required. We remark that we have used the fact certain covariant
differentiations commute. As we shall see in §5, such commutation is not
permitted in general.
§5. 3rd-order estimate of$
As we have a 2nd-order estimate of it suffices to find an upper
estimate of
(5.1)
since S is a tensor norm with respect to g1.
Lemma 5.1
for some constant and
Assuming this lemma, by (4.6), we have
(5.2)
where and are positive constants. For any constant
(5.3)
where and are positive constant if is sufficiently large.








and we obtain an upper estimate for S.
To compute aS, we shall use summation convention for simplicity.




By (5.8), we have an estimate of Continuing covariant
differentiation,
(5.10)
Again, we obtain an estimate of For different types of





























We add and substract the term
(5.33)




















respectively, they are both non-negative. For and F, they are
controlled by S. We use S to control F, F and F and note
that iS S+ 1 for S 1, we conclude there exists two constants
and such that
This proves the lemma and we finish the whole proof.
III. Construction of Kahler-Einstein metric by using continuity method
§1. Construction of Kahler-Einstein metric on a Compact Kahler Manifold
Let M be a Kahler Manifold. A Kahler metric g on M is called
Kahler-Einstein if
(1.1)
Since the Ricci tensor R(X, Y) remains invariant by (1.2.35) if we
replace g by tg for some constant t 0, it is the sign of x that
is really important. In this section, we construct a Kahler-Einstein
metric on M with x= -1 if M is compact. The case that x= 0 is
an easy consequence of the Calabi's conjecture. For x= 1, however,
there are examples that illustrate the existence of such a Kahler-Einstein
metric is impossible, [p.83]
A necessary condition for (1.1) is that relresemts
wi th Conversely, if represents
wi th being positive definite, then there exists a real
function F on M so that
(1.2)
We wish to construct a Kahler metric g satisfies
(1.3)
As they, again, represent C,(M), we have
(1.4)




if we choose satisfies
(1.7)
In summary, we have to solve for such that
(i) is positive definite.
(ii)
Uniqueness of
Suppose satisfy (i) and (ii). Let We
choose at each point p e M a coordinate system (z1) such that
By (ii),
(1.8)
If cf, attains maximum at p, then and hence
Thus, we have j 0. Consider the minimum of p and we get j 0.
This gives e 0.
Existence of
As in Chapter II, we denote






be an open set in Define
Then, as in Chapter II,
is given by
As in (II, §2), it suffices to prove that
defines an isomorphism. Since is a negative definite operator,
its eigenvalues cannot be positive. Thus, if is such
that it must be zero. This show injectivity of
The fact that is onto follows from standard
partial differential equation theory.
Closedness of S
Use the same arguments in (II, 2), it suffices to obtain Oth-,
2nd- and 3rd-order estimate of j, where j satisfies (ii). We shall
not repeat the calculation for simplicity.
Oth-order estimate of
Choose at each point pe Ma coordinate system such that
where g1 is the metric induced by cf'. By considering the maximum value
off, we have
Similarly,
This gives a Oth-order estimate of
2nd-order estimate of
Replace F by F+ in (II, 1, (ii)), the same calculation yields
Lemma 4.1 in (II, §4) with little modification:
(1.9)
This formular gives 2nd-order estimate of f. Together with the Oth-order
estimate of j, we conclude, as in (II, §4), that g and g are
uniformly equivalent.
3rd-order estimate
The only difficulty is the appearance of the term(.—. on the
1 J K
right-hand side of (5.10) in (II, §5), but it can be bounded by S and
the bound of g'.
Finally, we conclude that 1 e S and hence= induces an
Kahler-Einstein metric on M.
§2. Construction of Kahler-Einstein metric on a Non-compact Kahler Manifold
Throughout this section, M denotes a non-compact complete Kahler
manifold. The existence of a complete Kahler-Einstein metric on M imposes
certain restrictions on M. By a theorem of Bonnet and Myers, the scalar
curvature of M cannot not be positive. Hence, the case that A 0 can
be ignored. On the other hand, the case that A= 0 can also be ruled out
when M is a bounded domain in Cn because of the general result that
there is no positive harmonic function on a complete Riemannian manifold
with non-negative Ricci curvature. Therefore, we shall concern ourselves
with X 0.
In [7], Cheng Yau constructed a complete Kahler-Einstein metric
on certain complete Kahler manifold. To illustrate their work, we shall,
however, restrict ourselves to strictly pseudo-convex domain in Cn.
To begin with, let Q be a bounded C, k 5, strictly pseudo-convex
domain in C and let f be a detining function of a, i.e. f e C {n),
a Kahler metric on ft, we let g= -log(-cf). Then g-°° as x+ 2ft.
Moreover, g is a strictly pluri-subharmonic function in ft since
(2.1)
defines a Kahler metric on n. It is easy to check that
(2.2)
where An direct calculation shows
(2.3)
Thus which implies that g is a complete Kahler metric.
We remark that Q,, equipped with the metric g, has bounded
geometry of order k- 2. More precisely, q admits a covering of
holomorphic coordinate chart {V, (V',..., Vn)} and positive constants
such that
(a) is contained in a coordinate chart
such that d(x, 9V) R, where d denotes the Euclidean distance
defined by V1-coordinates.
(b)
(c) for any multi-indices a, 3 with
Explicitly, since ft is a bounded C domain, k 5, there exist a
constant 6 0 such that at any boundary point of ft a ball of radius
6 lies inside ft. To avoid complecity, we assume 6=1. Let zq e ft
with d(z, ft) 1. Then zQ is contained in a ball of radius 1 which
touches 9ft. Choose coordinates (W1) in this ball so that (0,..., 0)
represents the center, (n, 0,..., 0) represents zq and that
(t, 0,..., 0) is perpendicular to 9ft, where 1- n is the distance
of zQ to 9ft. We then employ a bihomorphic map of the ball to map
(n, 0,..., 0) to (0,..., 0). This constitutes the holomorphic
coordinate charts in the definition of bounded geometry but we shall not
go into details.
To calculate the Ricci tensor, we first note that
(2.4) det
The Ricci tensor has components
(2.5)
By writing and we are to
find a function u on M so that
(i)
(ii)
We first state the following generalized maximal principle on non-compact
manifolds since it will be our main tool in the following discussion.
Proposition 2.1
Let M be a complete Kahler-manifold with bounded geometry of order
Suppose f is a function on M which is bounded from above.
Then there exists a sequence such that lim sup
and
As ft has bounded geometry of order k, k 5, the above maximum
principal applies on ft.
Existence of u






where a' is the Laplace-Belframi operator with respect to the metric
As before, it suffices to show that
defines an isomorphism. If h C,a(M) satisfies a 1h- Kh= 0.
Apply the generalized maximum principle and we conclude that sup h 0.
Similarly, inf h 0 and hence h= 0. This shows the injectivity of
A1- K. The surjectivity of a'- K follows from standard partial
differential equation theory, (c.f. [1])
Closedness
It sufficies to obtain the 0-th-, 2nd- and 3rd-order estimates of u.
Oth-order estimate of u
Choose at each point p e n a coordinate system such that
and Then, becomes
(2.6)
Apply the generalized maximum principle to (2.6), we conclude that
in a similar manner, we then have
2nd- and 3rd-order estimates of u
The arguments are essentially the same as those in §1, we do not repeat
them here.
Uniqueness of u
Let u and v satisfy (i) and (ii). Denote
Choose at each point a coordinate
system such that and Then
( 2.8)
Apply results of [10], we have that v- u s 0. Interchange the roles
of u and v, we conclude that u= v.
We remark that in our case Q is a bounded domain in
necessary unique if it satisfies (ii). (c.f. [6])
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